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MOMENTS OF BALANCED MEASURES ON JULIA SETS

BY

M. F. BARNSLEY1 AND A. N. HARRINGTON2

Abstract. By a theorem of S. Demko there exists a balanced measure on the Julia

set of an arbitrary nonlinear rational transformation on the Riemann sphere. It is

proved here that if the transformation admits an attractive or indifferent cycle, then

there is a point with respect to which all the moments of a balanced measure exist;

moreover, these moments can be calculated exactly. An explicit balanced measure is

exhibited in an example where the Julia set is the whole sphere and for which the

moments, with respect to any point, do not all exist.

1. Introduction. The Julia set for a nonlinear rational transformation on the

Riemann sphere is the closure of the set of all repulsive cycles of the transformation

[Br, Fa, J]. The "location" or "distribution" of the set is of interest in the theory of

iterated maps, and it may be characterized by an associated invariant measure. In

this paper, we extend previous results by showing that when there is an attractive or

indifferent cycle, certain moments of such a measure exist and can be calculated

exactly from the rational transformation. This means, for example, that when the

Julia set is contained strictly in the real line, all of the orthogonal polynomials on the

set can be calculated as can the entries of the corresponding infinite dimensional

Jacobi matrices. The latter are of the type which have recently been shown to furnish

model Schrödinger equations for crystals with almost periodic potentials [BBM].

This leads us to the following speculation, which provides one reason for our

interest in the present topic. We note first the frequent occurrence, in the physical

universe, of objects ("steady-state" systems), which are fractals from some point of

view [Man]. We speculate consistently with Feigenbaum [Fe] and others (see [E]),

that usually an important role in fixing the "shape" of such an object is played by

some dominant iterative process. On the other hand, in Une with the foundations of

quantum mechanics, we have the expectation that in a probabalistic sense all of the

observable characteristics of any object are determined by the spectra and eigenfunc-

tions of appropriate linear operators, among which the Hamiltonian is the most

important. For those objects for which the key to their structure is an iterative

process, it should be possible to find model linear operators which on the one hand

are built up from the iterative process and on the other hand predict the right kind

of fractal structure for the object. Some of our work [BGH-1, BGH-2, BGH-3],
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extended in the present paper, shows among other things how one may start with a

rational map T and find a self adjoint operator whose spectrum is a fractal related to

T, namely its Julia set.

If T is a polynomial of degree greater than one then there exists a unique balanced

measure p. on the Julia set B [BGH-4, PK]. p. is the normalized electrostatic measure

on B and may be generated from the Böttcher equation at oo for T [BGH-4]. In

[BGH-1] we showed how one can recursively-calculate the moments

/.
z"dp(z),       n = 0,1,2,....

B

Here we generalize to allow T to be any rational function of degree greater than

one, such that there exists an attractive or indifferent cycle, z" must be replaced by

(g(z))" where g(z) is any fractional linear transformation with its pole at a

nonexpansive fixed point of T. The measure p. is supplied by a recent theorem of

Demko [D], who has shown that balanced measures exist in a very general context. A

special case of his result is that if £ is a rational function of degree N, then there

exists a normalized measure ju supported on B, called a balanced measure for T, such

that

pTj-1(E) = j^p(E)   for/= 1,2,...,TV,

where E is any Borel subset of the Riemann sphere C = C U {oo} and fX_1:

/ = 1,2,...,TV} is a complete assignment of branches of the inverse of T. More

detailed results in the specific context of iterated rational maps have been obtained

by Friere, Lopes and Mané [FLM], who show that p. is unique.

An interesting example of a balanced measure, which we will refer back to, is

connected with Newton's method applied to f(z) = tt(1 + z2). The corresponding

rational transformation is T(z) = (z2 — l)/2z, the Julia set is 73 = R U {oo} and

the balanced measure, which is absolutely continuous, is given by dp(x) = dx/f(x).

Thus, if Newton's method is applied on the real line to f(x) then the probability

density for visitation of points, starting from almost any point is \/f(x).

In §2, we consider the existence and evaluation of moments of the balanced

measure. When both ßcRu {oo} and oo is an indifferent or attractive fixed point

of T, the associated moment problem is shown to be determinate, and a selfadjoint

operator, whose spectrum is B, is described.

In §3, we examine an example due to M. Lattes for which the Julia set is the whole

of C. We are able to describe the balanced measure p. explicitly, and thus demon-

strate that none of the moments fç(gc(z))" dp(z), for n = 2,3,4,..., exist, where

gc(z) is any fractional linear transformation with its pole at any point ceC.

2. Existence and evaluation of moments. We define the expansion factor at a fixed

point c of T by

|7"(c)| ifc^oo,

E(T,c)

T(z)
if c = oo.
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Notice that

E(W\^c) = E(T,c)

when \p is a fractional linear transformation.

Theorem 1. Suppose T: C -» C is a rational transformation of degree N > 1, c is a

fixed point of T, g is a fractional linear transformation with pole c and p is the balanced

measure for T. Then the moment integral

Mn= ¡Xg{z))n dp{z)

exists for positive integer n if and only if

E(T,c) <7n.

Proof. Without loss of generality, we take c = 0, so that T(0) = 0 and we can

choose g(z)= 1/z.FotR > 0, let C(R) denote the disk {z: |z| < R).

Suppose 0 < E(T,0) < N1/n. If E(T,0) < 1, then there is a disk C(D) of radius

D > 0 which does not intersect the Julia set. Hence

On the other hand, if 1 < E(T,0) < N1/n then we can find constants K and R > 0

so that

N-V» <     <|7Vr(z)|< 1    for all ze C(R),

and

C(K-JR)<z T{JC(R),      y-1,2,3,...,

where T{\z) is the branch of T'1 such that T{1(0) = 0, and Tx^k+1)(z) =

Ti~\T{k(z)) for k - 1,2,3,.... (Note that T{\z) is analytic in a neighborhood of

0.) It follows that

p{C{K-JR)) < p{T{JC(R)) = N-ip(C(R)),

where in the last step we have used the balanced property of p. We now have

f      dp_ = y   r dt

•'C(R)IZ"I        j = 0^C(K-JR)\C(K-J-lR)\z''\

00

^ p{C(R))(K/R)n E (A:V7V)y < oo.
7 = 0

The convergence of /£ dp/\z"\ follows at once.

To prove the converse, we suppose N1/n < |7"(0)| < oo. Fix a neighborhood É of

0 and a > 0 so that

(#) |rf1'(z)|<7V-1/" + a\z\   forallze£.
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Let £ be a neighborhood of 0 which is contained in Ê, and let

Rj = sup{\T{Jz\: z e E).

We can suppose R0 is so small that I - A - BR0 > 0, where A = N'l/n and

B = a/2 A. Then with the aid of (#) and integration from 0 to T{J(z) we can

establish that

RJ+1 < ARj/{\ - BRJ )    for/ = 0,1,2,....

By induction we can now prove

Rj «S K2AJ/(l + KXAJ)    for/ = 0,1,2,...,

where

Kx = BR0/(1 - A - BR0)   and   K2 = (1 - ¿ytfj/B.

Let U0 = E\ T{lE and L/ = rf-'i/,, for/ = 1,2,.... Then

y£|z I     /=0-/^lzl       /=oK/

"  /i(t/0)      M(l/0) y      1

¿o iV'/C7  "    Kl   ,% N'A

where we have again used the balanced property of p. The latter sum diverges,

whence so does Mn.   D

Theorem 2. When the moment integral Mn in Theorem 1 exists it can be exactly

calculated as follows. Let

(1) „7>-i = ^+"/'1 + "/-2+   ••• + <»„

V ^ * * V*"1 + b2zN~2 +  ■■■+bN      '

fO fork = N+l,N + 2,...,

Lk{Z>     \ak-zbk    for k = 1,2,..., N,

k-i

(2) Sk(z) = -kCk(z)-Y,Sk_J(z)Cj(z)   for k = 1,2,..., n.
7 = 1

Write

m

(3) 5m(z) = E rmJzJ.
7 = 0

77ie«

i m — X

(4) K, = v _ ■ m  E rmy^   for m = 1,2,... ,n,
yv      °i   y=o

vv/tere Mn = 1.
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Proof. Let R = gTg l. Then R is expressible in the form (1) because oo must be a

fixed point of R. The expansion factor of R at oo is

(5) lim
R(z)

= \bl\ = E{gTg-\gc) = E(T,c)<7Ñ.

Since Mn exists, so also does Mm for m = 1,2,... ,n - 1. The balanced measure a for

R is specified by da(z) = dp(g'l(z)), and we have

Mm=f(g(z))mdp(z)=fz™da(z).
Jc Jc

Using the balanced property of a(z) we have

(6) Mm=lz-da{z) = \l Í {R]\z))mda(z)
c /*•1

where {RJ1(z)}f=1 is a complete assignment of branches of the inverse of R. But

SM=í{Rj\z))m

7 = 1

is just the mth symmetric function associated with the roots of the polynomial in W,

WN + cx(z)WN~l + ■■■ + cN(z).

The symmetric functions {Sm(z)}^=0 can be calculated successively using (2), [G]. It

is quickly verified that Sm(z) is a polynomial in z of degree at most m, and can be

written as in (3) where the rmy's are independent of z.

We can now rewrite (6) as

m

NMm=f,Sm(z)da(z)= ZrmJMj
7 = 0

Observing that rmm = b™, and recalling from (5) that \bx\m < N for m = 1,2,... ,n,

we now obtain (4) as desired.   □

Example. Let T(z) = (z2 - l)/z. Then oo is an indifferent fixed point and we

can choose g(z) = z. Since any real point has only real inverse images under T, it

follows that TJcRu {oo}. By Theorem 1 all of the moments Mn = jRx" dp(x)

exist. Following Theorem 2, we find cx(x) = -z and c2(z) = -1, so Sx(z) = z,

S2(z) = z2 + 2, and S„(z) = zSn_x(z) + 5„_2(z) for n = 3,4,5.Hence M2k+X

= 0 for k = 0,1,2,... (which says that p is symmetric about the origin) and M0 = 1,

M2 = 2, M4 = 10, M6 = 80, M8 = 874, Mw = 12,092, M12 = 202,384, and Mu =

3,973,580 and so on. Using the moments we readily calculate the successive

orthogonal polynomials {Pn(x)} which obey

(Pn(x)Pm(x)dp(x) = 0   iornïm,
Jo

where P„(x) is of degree n and has leading coefficient 1. We obtain P0(z) = 1,

Px(z) = z, P2(z) = z2 - 2, P3(z) = z3 - 5z, P4(z) = z4 - 10z2 + 10, P5(z) = z5

— 158z3/10 + 39z and so on. These polynomials obey the three-term recurrence
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formula Pn+X = zPn(z) - a2Pn_x(z) for n = 1,2,3,..., where a\ = 2,a\ = 3, a2 =

5, al = 29/5,_Thus, the associated Jacobi matrix is

/ =

0

ñ

o
o

o

o

0

o

o
ft
o
ft
0

o
o
ft
o

y/2975

0

o
o

^29/5

0

It is a consequence of the next theorem that J corresponds to a selfadjoint operator

in l2, whose spectrum is B and whose spectral density is p. Observe that if we

multiply the transformation T(z) by 1/2, then oo becomes a repulsive fixed point

and the balanced measure becomes the one mentioned in the introduction. None of

the moments, Mn, n = 1,2,3,..., then exist.

In situations like the above example, where one can associate a symmetric Jacobi

matrix J with the orthogonal polynomials, one would like to know the relationship

between J and the original iterated map. This relationship is immediate if one can

establish that the moments Mn = 0,1,2,... uniquely determine the balanced mea-

sure p.

Theorem 3. // T: C -» C is a rational transformation with Julia set B c R U {oo},

oo is a fixed point of T, E(T, oo) < 1, and p is the balanced measure for T, then the

moment problem

/+ 00
x"dp(x)   forn = 0,1,2,...,

-00

is determinate.

Corollary. // J is the symmetric Jacobi matrix associated with the moment

problem in Theorem 3, then J possesses a unique selfadjoint extension J with domain in

l2, the Hilbert space of square-summable sequences. The spectrum of J is B, and its

spectral density is p.

Proof of Theorem 3. If E(T, oo) < 1, then oo is an attractive fixed point for

T(z) and we can find R e (0, oo) such that B c {z: \z\ < R}. In this case

/ + 00
x"dp(x) </T   for« = 0,1,2,....

.     -00

If E(T, oo) = 1, then there are constants R0 > 0 and C > 0 such that

\T1-1(z)\^íl + ^-]-\z\   ior\z\>R0.

Let Rn = nC/e where e is chosen small and positive, so that R„ > R0 and exp(e) < N,

where N is the degree of T(z). Then

|rrl(z)| < k„\z\   for\z\>R„,
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where kn = (1 + e/n). If we introduced the notation ^4(jR) = {z e C: \z\ > R},

then it follows that

T{U(Rn) D A(kiRn)    for/ = 0,1,2,...

Hence, proceeding much as we did for the proof of Theorem 1, we find

\Mn\ =

00

fz"dp(z) <(      \z\"dp+ E f \z\ndp
JC J\z\<R„ j = 0JA(ki+lRn)\A(ikiR„)

^K+ E {ki+lRn)"M^Rn))
7 = 0

oo

^ K + RW E (knB)JN-J.
7 = 0

Then noting that k" = (1 + en)" < exp(e) < TV, we have

(ii) \Mn\<^f-(l + N2/(N-exp(£)))

for n = 0,1,2,..., where C and e do not depend upon n.

From (i) and (ii) above, it follows that there exists a finite constant, independent

of n, such that

(*) i\M„\ < n ■ constant   for« = 1,2,_

In,-
Hence L"_01/  \M2n   is divergent, which is just Carleman's condition for the

moment problem to be determinate [W].   D

Sketch of Proof of Corollary. Let /0 e l2 be represented by the column

vector /0 = (1,0,0,...)T, where T denotes the transpose, and let f„ = J"f0 for

n = 1,2,3,_Express the inner product between g and h in l2 by (g, h), and write

(g> s) = llgll2- Then, with some algebra, see for example [Ak, Chapter 4], one can

show

M„ = (f0,fn)    for« = 0,1,2,....

From (*) it follows that the series

00   ii Tnf ii °°   ,/m,    Z~
y    \\J  JnW.m =     y    1M2m + 2n   _m

n    m\ „       m\
m=0 m=0

has nonzero radius of convegence, which says that /„ is an analytic vector for /. Let

L denote the linear manifold which consists of all finite linear combinations of {/„:

« = 0,1,2,...}. Then every element of L is an analytic vector for /. Also L is dense

in /2, and hence, by Nelson's theorem (see for example [Mas]), the closure of J is

selfadjoint. The assertion that p is the spectral density for / follows from classical

moment theory, see [Ak, Theorem 4.1.3].   D

As long as the complement of the Julia set contains a Fatou domain or a Siegel

disk, it is always possible to find an attractive or indifferent A;-cycle for T(z), see

[Su]. That is, there exists a strictly positive integer k and a point teC such that
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Tk(c) = c and E(Tk, c) <s 1, where T\z) = T(z), T2(z) = T(T(z)), T3(z) =

T(T(T(z))),.... Since both T(z) and Tk(z) have the same Julia set and the same

balanced measure, Theorem 1 remains true with "c is a fixed point of T" replaced

by "c is a fixed point of Tk" and E(T, c) replaced by E(Tk, c). In this case, when

the moments exist, they can be calculated just as in Theorem 2, but with gTg'1

replaced by gTkg~1.

For example, if c is a fixed point of 7"*-with E(Tk, c) < 1, and if \¡>(z) is any

rational function whose poles are located at points belonging to the set

{c, T(c), T2(c),...,Tk"l(c)}, then jc\p(z) dp(z) exists, and can be calculated

explicitly in terms of the coefficients in ^ and T.

Another example concerns the map 7Tz) = z2-l which admits the superstable

two-cycle {0,1}. T2(z) possesses the fixed point c = 0, which is mapped to oo by

g(z) = 1/z. Then we find gT2g~l = z4/(l - 2z2), corresponding to which Sx = 0,

S2 = -4z,   53 =0,   S4 = Az ■ (2z + 1),   Sk+5 = -2z • Sk+3 + z ■ Sk+X   (k =

0,1,2,...), and consequently, Mn = fcz~"dp(z) = 0 for n = 1,2,3,_The same

conclusion also follows from an integration formula given in [BGH-5].

3. The example of M. Lattes. We have shown that if there is an indifferent or

attractive cycle, then one can find ceC such that the moments Mn =

fc(Sc(z))" dp(z) exist for all « = 0,1,2,..., where gc(z) denotes any fractional

linear transformation with pole at c. Here we consider the example of the transfor-

mation T(z) = L(z), where

4z(z¿ - 1)

for which M. Lattes [L] has noted B = C. We show that the balanced measure for

L(z) is

(7) dp(z) = -       -**-
l/|z-(z2-l)|

where a e (0, oo) is fixed by the condition M0 = 1. Hence, in this case, none of the

moments Mn for « = 2,3,4,..., exist, for any c e C.

We begin by recalling why B = C for L(z). Let P(z) denote the Weierstrass

function which obeys the first order ordinary differential equation

(8) P'(zf = 4P(zf - 4P(z).

Note than any Weierstrass function obeys the identity

see [Ah]. On substituting from (8) into (9), we find

(10) P(2z) = L(P(z)).

(This is essentially the Poincaré equation for L, associated with the fixed point oo,

where the expansion factor is 4: the apparent mystery that (10) involves 2 rather
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than 4 is resolved when on realizes that the Poincaré function in this case is

0(z) = P(ft), and (10) can be rewritten 0(4z) = L(6(z)). Notice that 6(z) is a

meromorphic function because P(z) is an even meromorphic function.) From (10) it

follows that P(2"z) = L"(P(z)) for « = 1,2,3,..., and hence it is possible to give a

complete description of what happens when L is applied iteratively.

P is a doubly periodic function with periods u and iu, and hence can be regarded

as a function defined on the torus. The map z -» 2z on the torus, being expanding,

clearly has no proper invariant subsets, so neither has L. It follows that the Julia set

of L must be C.

Let the torus be made from the square 5 with vertices 0, u, u + iu, iu. Then the

normalized invariant measure for z -» 2z on S is the uniform one, namely dA/u2

where dA denotes a differential area element at z in S. Since P maps 5 two-to-one

onto C, the corresponding invariant measure for L is given by dp(P(z)) = 2 ■

dA/\P'(z)\- u2 where dA denotes a differential area element at P(z) in C. Letting

w = P(z), and using (7), this measure can be re-expressed

dp(w) = dA/u2\w-(w2 - 1)|,   atweC.

By construction, the measure is normalized, and so we must have a = 1/w2 in (7).

This gives one way to find u. Alternatively, one can consult [By], wherefrom we find

u = 2.240_One can check straightforwardly that p is balanced; hence p is the

balanced measure for L.

Thus, we have shown that L(z) is an example for which the Julia set is C, and for

which none of the moments /c(gc(z))" dp(z), n = 2,3,4,..., exist, regardless of the

choice of c e C.

There exist other examples, due to Herman [H], for which the Julia set in C, and

for which infinity is an indifferent fixed point. For these all of the moments

Jqz" dp(z), n = 0,1,2,..., must exist and can be calculated explicitly.

Acknowledgements. We thank the referee for this help in revising Section 3 and

other useful comments.
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